Theorem. Let u(r, x) be harmonic in the unit circle with the representation no u(r, x) = Z <V|n|ein*, n™-co where the complex coefficients an assume only finitely many values. Suppose further that the mean value I «(/, *) | dx o is bounded for r<l. Let v(r, x) be the harmonic function conjugate to u(r, x). Then u+iv is a rational function having all its poles on the boundary of the circle.
The statement of the theorem is close to this result of Szegö : if a power series has coefficients assuming only finitely many distinct values, and if the analytic function so defined can be continued to a point outside the unit circle, then the function is rational with its poles on the circle. (Proofs of this and related theorems are given in [l, Chap. VII].) The referee has kindly called my attention to the following improvement of Szegö's theorem [2 ] : in the hypothesis it is enough to assume that the coefficients are finite in number, as before, and that the analytic function is bounded in a sector of the circle. The method of proof for the present theorem is quite different.
Actually our result follows easily from the special case when all the a" are either zero or one. In this form it can be restated in several ways:
(a) Let T be a projection in L(0, 2ir), i.e., a continuous idempotent operator on the summable functions, and suppose T commutes with translations. Then there is a bounded complex measure p. such that where the coefficients of each ßj assume only two values. There is of course a corresponding decomposition of «(r, x). If the theorem can be proved for each part, it evidently holds for the sum. Hence we can consider the case where a" takes only two values, and there is no loss of generality in assuming these to be zero and one. If the coefficients of p are all zero or one, we have p*p = p.
We have to find all the solutions p of this equation. Decompose2 p into a discrete part consisting of a sum of point masses, po, and a continuous part pi which vanishes on sets containing a single point. The convolution equation gives Po + Mi = Po*Po + 2po*pi + pi*pi.
It is easy to verify that the convolution of two discrete measures is discrete, and so the first term on the right is discrete. where the series converges absolutely. Each term in the series is an almost-periodic sequence in the variable w, and since the series converges uniformly in n, the sequence \an' } is almost-periodic.
But all the o» are either zero or one, so the sequence must actually be periodic. This evidently cannot happen unless all the am vanish except a finite number, and the \m are situated at roots of unity on the circle. Having characterized the discrete part of p, we pass to the continuous part pi.
Since M = Mo + Mi and po is itself idempotent, the coefficients of pi are all 0, 1, or -1.
a Beurling has used the Lebesgue decomposition of a measure in a similar way. 3 Indeed, the convolution of the measures has Fourier-Stieltjes coefficients which are the products of the coefficients of the given measures. The assertion then follows immediately from the observation that the measure is continuous if and only if its coefficients satisfy limjv_ (l/2N)X!ñ-¡y |i»|2 = 0.
We shall prove that all of them vanish except a finite number, and this is the crux of the theorem. In fact we establish the following more general fact.
Lemma. Let v be a continuous measure whose Fourier-Stieltjes coefficients ¿>" all satisfy one of the conditions bn = 0 or | bn | ^ n > 0.
T'Aère only finitely many ¿>" are different from zero.
Let v0 be the singular component of v, and form the non-negative measure \v<\ which assigns to a set E the total variation of »»o on E. Then |»»o| is a singular measure. We assert that there is a function /(z) analytic and bounded in the unit circle, having radial boundary value equal to zero everywhere except on a null-set of the measure |>»o|.
To see that,4 form the Poisson integral has infinite derivative. This is the case except On a set which has measure zero (|i>o| ). Now let F(r, x) be conjugate to Uir, x), and set fireix) = e-u-w.
Since U is non-negative, /(z) has bound one in the unit circle, and evidently has the required radial limits. It is essential to observe further that/(0)5¿0. But we know c"(/) tends to zero uniformly as r tends to 1. This contradiction shows that only finitely many ¿>" are different from zero, proving the lemma. Now ß, which was an arbitrary ¡dempotent measure, has been characterized as the sum of a finite set of point masses, and a continuous (moreover evidently absolutely continuous) measure whose coefficients are almost all zero. We have denoted the harmonic function obtained by the Poisson integral from ß by «(r, x), and its conjugate harmonic function by i»(r, x). Then u+iv has the representation and it is easy to verify that this is a rational function when ß is of the given type. This completes the proof of the theorem.
